The study of continuous phase transitions triggered by spontaneous symmetry breaking has brought new concepts that revolutionized the way we understand many-body systems. Recently, through the discovery of symmetry protected topological phases, it is realized that quantum phase transition between states with the same symmetry but different topology can also occur continuously. Here we ask "what distinguishes these two types of phase transitions".
groups G 1 and G 2 (see Fig. 1(a) ).According to Landau, if G 1 is a subgroup of G 2 (or vice versa) a continuous phase transition can occur generically. On the other hand if G 1 = G 2 or if there is no subgroup relationship, the transition should be generically first order. Last five years witnessed a fast progress in the understanding of a new type of quantum disordered states, namely, symmetry protected topological states (SPTs) [1] . These states exhibit a full gap in the excitation spectrum when there is no boundary and do not break any Hamiltonian symmetry. Nonetheless these states are grouped into different "topological classes" such that interclass transitions must be accompanied by a phase transition with the closure of the energy gap. The purpose of this paper to understand the difference (if any) between the Landau type and this new kind of "topological phase transitions" where the two phases have the same symmetry (see Fig. 1 
(b)).
A hallmark of non-trivial SPTs is the existence of gapless boundary excitations. These excitations can intuitively be understood as a "coordinate tuned topological phase transition". Indeed, as an observer travels from inside a non-trivial topological phase to outside (the trivial vacuum) a gap closing transition occurs at the boundary (for a two dimensional example see Fig. 2 ). On the other hand one can imagine tuning a parameter of the Hamiltonian so that a bulk phase transition occurs between the same non-trivial and trivial phases ( Fig. 1(b) ). Viewing the boundary gapless states as those occuring at the critical point of a coordinate tuned SPT phase transition suggests there is an intimate relationship between the excitations of the bulk critical point and the boundary excitations of the non-trivial SPT phase. In Ref. [2] it is conjectured that the former are just a delocalized (or dynamically percolated) version of the latter.
FIG. 2:
The gapless boundary excitations of a non-trivial SPT can be viewed as due to a coordinatetuned topological phase transition.
As a sanity check we recall that when G = SO(3) and when the space dimension is one, the following model exhibits a continuous phase transition between the trivial and nontrivial SPT phases. (We recall that in one dimension there are just two inequivalent SO (3) protected SPT phases [1, 3] .)
where S is a spin-1/2 operator and J > 0. Each unit cell is composed of two sites with total spin equal to integers. Hence the degrees of freedom in each unit cell transform according to linear representations of SO(3). The trivial and non-trivial phase transition is tuned by varying δ from negative to positive. The critical theory at δ = 0 is the famous The d+1 dimensional SPT is constructed as a quantum state arising from "proliferated"
Ising domain wall with each wall "decorated" with a non-trivial G-symmetric SPT (see Fig. 3 (a)) [12] . The readers are referred to Ref. [4] for the wavefunction corresponding to such a d+1 dimensional SPT. In this "holographic" picture the phase transition in question entirely occurs on the boundary. It is induced by turning on a boundary symmetry breaking breaking field (h) which breaks the Z T 2 symmetry (see Fig. 3(b) ).
In the above picture the critical excitations are the result of the interactions of the Ising domain wall with the boundry of the d+1 dimensional system. Because these intersections are themselves the boundary of the domain wall, they are infested with the gapless boundary excitations of the SPT residing on the domain wall. As the domain walls fluctuate these gapless excitations can move, pair annihilate, and pair create. In this way we understand the d-dimensional critical state as the dynamically percolated boundary excitations of the non-trivial SPT in question.
In general the Z T 2 or the G symmetry of the d+1 dimensional SPT in the holographic picture can be spontaneously broken on the boundary without collapsing the bulk energy Landau-like phase transitions. For details the readers are referred to Ref. [4] . In the rest of the paper we shall focus on the most interesting scenario, namely continuous phase transitions.
Since continuous Landau-like phase transitions are best understood in 1+1 D (thanks to conformal field theory), in the rest of the paper we focus on 1+1 D bosonic SPT phase transitions where conformal invariance is exhibited at the critical point [13] . Since rational conformal field theories are well classified in 1+1 D, our question becomes "which subset of the rational conformal field theories can be realized as topological phase transitions".
In Ref. [3] it is shown that the boundary degrees of freedom of a (non-trivial) 1-dimensional SPT carry projective representations of the protection symmetry group. Since the critical state possesses delocalized boundary excitations, it naturally leads one to suspect that at the critical point between the trivial and non-trivial SPTs there are bulk excitations which transform projectively under the protection symmetry group. Before proceeding further in the following we prove that the projective representations of any group cannot be one dimensional.
Theorem: the projective representations of any group G cannot be one dimensional.
Proof: Let g 1 , g 2 be any two elements of G. Let R(g 1 ) and R(g 2 ) be their respective projective representations, i.e.,
Here ω(g 1 , g 2 ) ∈ U (1) is the factor set corresponding to the projective representation in question. Were R a one dimensional representation, i.e., R(g) = e iφ(g) then
equation (3) is precisely the equivalence relation between ω(g 1 , g 2 ) and 1, namely the linear representation, of G. This contradicts the assumption that ω is the factor set of a projective representation. The same proof goes through if G contains anti-unitary transformation. For example if g 1 is antiunitery then equation (3) is modified to
where ρ(g 1 ) is (−)1 if g 1 is (anti-)unitary), which is the equivalence condition in the presence of anti-unitary group elements.
This theorem allows us to conclude that the conformal spectrum for all critical points of SPT phase transitions possess states that transform as projective representation of the protection symmetry group. In the following we argue that this also occurs for the ground states of certain conformal tower. Through the state -operator correspondence this means there are primary scaling operators that transform projectively under the protection symmetry group. To achieve the above goal we recall that in Ref. [5] it is shown that after proper local unitary transformation the fixed point ground state wavefunctions of 1D SPTs exhibit the entanglement pattern shown in Fig. 4(a) . Each black dot represents a group of degrees of freedom which carry a projective representation of the protection symmetry group and those in each dashed box transform linearly. In Fig. 4(b) the boundary condition corresponding to removing a "site" is imposed. Under such boundary condition the finite size spectrum as a function of the tuning parameter, λ, is shown schematically in Fig. 4(c) . As λ → λ c (left to right) the gap gradually closes, but the ground state remain degenerate and transform in the same way as the edge excitations. At λ c the edge excitations evolve into the ground state of a conformal tower. It is known that in an open conformal invariant system the energy spectrum consists of only the conformal towers in the holomorphic sector (rather than the sum of the holomorphic and antiholomorphic sector) [6] . Moreover the boundary conditions are represented by the insertion of appropriate operators at the infinite past and future in the strip geometry [6] . Therefore the above arguments imply that the boundary condition corresponding to the removal of a "site" amounts to inserting the primary scaling operator creating the delocalized edge excitation in the holomorphic sector. Note that the above arguments hold true for all continuous 1+1 D SPT phase transitions, hence has gone beyond the holographic theory in Ref. [4] . In the following we give two examples where what's stated are explicitly realized.
G = SO(3)
The critical theory of the trivial to non-trivial SPT phase transition is the level 1 SU (2) Wess-Zumino-Witten theory [7] . Such theory has the "spinon" primary scaling operators which transform as projective representation of SO(3). The multiplicity and their holomorphic/anti holomorphic scaling dimensions (h andh) and the eigenvalue with respect to dilatation (h +h)are given in Table I the unitary "minimal models" [10] . These conformal field theories possess a finite number of primary scaling operators and the operator product expansion is closed among them. Each of these theories is characterized by a parameter call "central charge". They are given by
where m = 3, 4, 5, ... 
The same expression holds for the antiholomorphic scaling dimensions. It can be shown easily that the closest spacing between such scaling dimensions are given by
Hence for c < 1 all minimal models do not possess degenerate primary scaling operators required by the projective representations. Thus we conclude none of these best studied critical theories for Landau-type phase transitions can describe the critical point of bosonic SPT phase transitions.
The above results are consistent with the the examples of bosonic SPT phase transitions presented earlier. In addition it is also consistent with a new Z 3 × Z 3 protected SPT phase transition [14] . The following table summarize their central charge.
For fermion SPT phase transitions c < 1 is allowed. For example the critical point of the trivial to non-trivial phase transition of the Majorana fermion chain has central charge
Central charge 1 1 8/5 
